We discuss the runaway instability of axisymmetric tori with non-constant specific angular momentum around black holes, taking into account self-gravity of the tori. The distribution of specific angular momentum of the tori is assumed to be a positive power law with respect to the distance from the rotational axis. By employing the pseudo-Newtonian potential for the gravity of the spherical black hole, we have found that self-gravity of the tori causes a runaway instability if the amount of the mass which is transferred from the torus to the black hole exceeds a critical value, i.e. 3 per cent of the mass of the torus. This has been shown by two different approaches: (1) by using equilibrium models and (2) by dynamical simulations. In particular, dynamical simulations using an SPH code have been carried out for both selfgravitating and non-self-gravitating tori. For non-self-gravitating models, all tori are runaway stable. Therefore we come to the conclusion that self-gravity of the tori has a stronger destabilizing effect than the stabilizing effect of the positive power-law distribution of the angular momentum.
I N T R O D U C T I O N
From the recent BATSE experiment, the sources of g-ray bursts have been proven to distribute isotropically on the sky but nonuniformly in the radial direction (see e.g. Meegan et al. 1992; Fishman & Meegan 1995) . Since that discovery, toroidal configurations around black holes have become of much importance, because it has been suggested that they can be candidates for the sources of g-ray bursts at cosmological distances (see e.g. Murakami et al. 1988; Paczyński 1991; Narayan, Paczyński & Piran 1992) .
Even before the BATSE experiment, such systems had been analysed from the standpoint of stability of mass transfer from tori to black holes by many groups. In particular, Abramowicz, Calvani & Nobili (1983) first proposed the concept of runaway instability. They argued that once a small amount of mass begins to fall into a black hole from the surrounding Roche-lobe-filling torus, the remaining mass of the torus overflows from the Roche lobe and continues falling if the mass of the torus is above 1 per cent of the black hole. Their conclusion was obtained by using the so-called Paczyński-Wiita pseudo-Newtonian potential (Paczyński & Wiita 1982) and by neglecting the angular momentum transfer. Wilson (1984) investigated relativistic tori without self-gravity around Kerr black holes and concluded that the angular momentum transfer makes the configurations stable.
To resolve the controversy between these two conclusions, and took a fully general relativistic approach to this problem including self-gravity of the tori. They found that massive tori are subject to runaway instability and concluded that self-gravity plays a very significant role in destabilization. It should be noted that all these investigations mentioned above have been done for tori with constant angular momentum distribution.
Recently Daigne & Mochkovitch (1997) showed that the tori the angular momentum distribution of which increases enough with distance are runaway stable. Although their analysis was carried out in the Newtonian framework and without taking self-gravity of the torus into account, it is likely that the non-zero gradient of the angular momentum distribution has a strong stabilizing effect because the removal of a very small mass at the inner part with small angular momentum scarcely affects the global structure of the tori. Abramowicz, Karas & Lanza (1998) also showed that the outwardly increasing angular momentum distribution of the torus and the spin of the black hole have a stabilizing effect by investigating non-self-gravitating tori in the Kerr geometry.
In contrast, recent dynamical simulation of the mass overflow from the self-gravitating torus to the black hole showed that Roche-lobe-filling tori around black holes are unstable against mass overflow for a wide variety of angular momentum distributions (Masuda & Eriguchi 1997) . In other words, runaway instability does occur for any rotation law. In that simulation the pseudo-Newtonian potential was used and computations were started by applying rather large initial perturbations, i.e. the order of 10 per cent. This is a new contradiction for runaway instability. However, the reason for this discrepancy seems evident, i.e. the existence of self-gravity. Therefore we need to investigate a simple problemis the torus with both self-gravity and an outwardly increasing angular momentum distribution stable? In this paper we will give the answer to this question by employing two different approaches. First, as in all other works done by different groups, equilibrium configurations are used and the stability is analysed. Secondly, we perform SPH dynamical computations of self-gravitating and non-self-gravitating tori to confirm the results of the equilibrium analysis.
The final and definite answer will be obtained only when a fully general relativistic effect is included. However, it is out of the scope of the present paper.
A S S U M P T I O N S , M E T H O D S A N D R E S U LT S

Assumptions
We assume that the system which consists of a non-rotating black hole and a self-gravitating torus is axisymmetric. Since both the black hole and the torus can be the source of gravity, the gravitational potential of the system Fð; zÞ is written as
where F BH and F T correspond to the gravitational potentials of the black hole and the torus, respectively, and the cylindrical coordinates ð; z; JÞ are used. For F BH , we use the pseudo-Newtonian potential as follows (Paczyński & Wiita 1982) :
where G, M BH , c and r are the gravitational constant, the mass of the black hole, the speed of light and the spherical radius r ¼ 2 þ z 2 p , respectively. This pseudo-Newton potential was also adopted by Abramowicz et al. (1983) and Daigne & Mochkovitch (1997) . The Newtonian potential of the torus F T is calculated as
where r and V are the density and the volume of the torus, respectively. In order to compare our results with those of Daigne & Mochkovitch (1997) , we choose the same equation of state in the torus as theirs, i.e.
ð4Þ where p is the pressure, the constant is K ¼ 1:2 × 10 15 and the electron concentration Y e ¼ 0:5.
Initial state
Under these assumptions, a critical equilibrium state with the distribution of the angular momentum
is constructed by specifying the masses of the black hole and of the torus M T . Here the critical state means the Roche-lobe-filling state.
It implies that the size of the torus cannot be elongated any more.
The radius in is the distance of the inner edge of the torus from the rotational axis and the quantity jð in Þ is a constant. Once we obtain a critical state, we can calculate the total angular momentum of the torus J T , the mass of the torus inside the coordinate distance , mðÞ, and therefore the specific angular momentum distribution as a function of q ϵ m=M T , jðqÞ ϵ j½ðqÞÿ, where ðqÞ is the inverse of qðÞ ¼ mðÞ=M T . In this way the angular momentum-mass relation is obtained for the initial critical state. We will check the stability of the obtained models by the following two approaches described below.
In actual computations we have solved the initial state by applying the HSCF scheme (Hachisu 1986 ). This initial state is the same as that of Daigne & Mochkovitch (1997) . The model quantities are as follows:
Equilibrium approach
First, stability of initial models is investigated by using the equilibrium states. This is basically the same approach as , and Daigne & Mochkovitch (1997) .
In this approach, we will check whether an equilibrium state can be recovered or not after transferring a small amount of mass from the torus to the black hole. This can be done as follows. Let the transferred mass and the transferred angular momentum be DM and DJ, respectively. Thus after the transfer of a gas, the masses of the black hole M can be written as
and
The new specific angular momentum-mass relation should be
Since there is no guarantee of existence of an equilibrium state which satisfies the above conditions, we try to find trial equilibrium states which satisfy weaker conditions by the following procedure. When the mass of the black hole and the rotation law of the torus are given, the equilibrium state of a torus can be specified by two quantities: one corresponds to the strength of gravity and the other to the amount of rotation.
Therefore once these two parameters are given we can get one equilibrium state, if any. Let the mass and the angular momentum of the torus and the transferred mass and the transferred angular momentum be M 
BH is expressed as
ð10Þ We search for a trial equilibrium state which satisfies the following conditions:
Concerning the angular momentum distribution, we will choose the following formula j 0 ðqÞ:
where m 0 ðÞ is the mass of the torus inside a distance for the trial equilibrium state. The constant a is one of two model parameters mentioned before and can be varied to obtain the required configurations.
As for the other model parameter, in actual computations we have chosen the maximum density of the torus. Thus by varying these two parameters we have tried to find equilibrium states which satisfy a ¼ 1 and
These two conditions ensure that the obtained equilibrium state satisfies the required conditions, i.e. equations (6), (7), (8) and (9). Consequently, if there exist equilibrium states which satisfy all the conditions mentioned above, the initial state can be said to be stable against mass overflow because the matter can settle down to a new equilibrium configuration.
In contrast, if the equilibrium models which satisfy the conditions cannot be obtained by physical mechanisms such as mass shedding of the matter from the inner edge, we can conclude that the initial state is unstable against the mass overflow from the Roche lobe.
We have examined four different mass transfer processes which correspond to differences of the transferred mass. Our results are shown in Fig. 1 and summarized in Tables 1-4. In Fig. 1 the transferred angular momenta for models which satisfy equations (11), (12), (13) 
or that there exists an equilibrium state which satisfies the conditions required for the final state after the mass transfer. On the contrary, if the trial equilibrium curve cannot reach the corresponding horizontal line due to mass shedding, it implies
or that the initial state cannot settle down to a new equilibrium state but will suffer from runaway instability.
In Tables 1-4 , the maximum density r max , the radii of the inner edge r in and the outer edge r out and the transferred angular momentum DJ 0 for trial equilibrium sequences are shown for DM terminate at the mass-shedding states. Consequently the torus continues to overflow from the Roche lobe after mass transfer and cannot stop falling. Therefore we can conclude that if the amount of transferred mass is large enough, i.e. larger than 3 per cent of the mass of the torus, the tori in critical states become unstable against mass overflow.
Dynamical approach
Since the processes which follow the mass overflow from the Roche lobe are dynamical phenomena, it would be better to simulate them by using dynamical codes. As discussed in the introduction, dynamical simulations for runaway instability have been carried out by two of the present authors (Masuda & Eriguchi 1997) for several rotation laws. However, since they investigated configurations with a different situation from that used by Daigne & Mochkovitch (1977) , we have computed the process by starting from exactly the same initial conditions and by using the same parameters as theirs.
We have employed the SPH scheme with a particle number of 18000. The SPH code is the same as that used in Masuda & Eriguchi (1997) . The difference lies in the initial perturbations. In Masuda & Eriguchi (1997) the torus is expanded about 10 per cent from the equilibrium shape but here the initial equilibrium state is disturbed by shifting only the positions of particles near the equatorial plane. We have tried the following three cases: the mass of the shifted particles is 1 per cent, 3 per cent or 8 per cent of the mass of the torus. When 1 per cent of the mass is transferred, the torus settles down to a new equilibrium state. However, when 3 per cent and 8 per cent of the mass are transferred, the torus continues to fall down to the black hole.
One result of simulations for a perturbed mass of 3 per cent is shown in Fig. 2(a) . This figure displays two snapshots of evolution of the torus including its self-gravity at times t ¼ 0 and t ¼ 1:45t rot , where t rot is the rotational period of the torus at the initial maximum density position. Therefore, as seen from this figure, the gas continues overflowing on to the black hole and will be destroyed. In other words, the initial torus is unstable against mass overflow.
In order to check the code and to compare our results with those of Daigne & Mochkovitch (1997) , we have also carried out simulations of evolution of tori without self-gravity. For any initial amount of the perturbed mass, i.e. 1 per cent, 3 per cent or 8 per cent, evolution settles down to a new equilibrium state. One example is shown in Fig. 2(b) . This is the same as Fig. 2(a) but for a torus without self-gravity. Since the size of the torus becomes smaller, the inner edge of the torus always stays inside the Roche lobe. It implies that all tori without self-gravity are stable against mass overflow.
D I S C U S S I O N A N D C O N C L U S I O N S
Our results show that critical tori are stable against mass overflow as long as the amount of transferred mass is small, i.e. less than 3 per cent of the mass of the torus. This is consistent with the results of Daigne & Mochkovitch (1997) . In other words, if the distribution of the specific angular momentum has a rather large dependence on the distance, tori around black holes can exist stably. This is in clear contrast to the case for constant specific angular momentum tori which are unstable.
However, if the transferred mass exceeds a critical value, roughly 3 per cent of the mass of the torus, tori suffer from instability. Since the difference between our models and those of Daigne & Mochkovitch (1997) lies only in treatment of gravity, this ᭧ 1998 RAS, MNRAS 297, 1139-1144 Here t rot is the rotational period of the torus at the place of the initial maximum density. It can be seen that the torus shrinks into the black hole in about 1-2 rotational periods. Solid circles denote the outer edge and the inner edge of the torus for the initial state and only the outer edge for the evolved state because the mass overflows on to the black hole. (b) The same as (a) but for a torus without self-gravity. Even after mass transfer of about 3 per cent of the mass, the torus settles down to a new equilibrium state. implies that self-gravity of the tori has a stronger destabilizing effect than the stabilizing effect of the distribution of the angular momentum with a positive power law. This is because the existence of self-gravity changes the Roche lobe as well as the shape of the tori. In other words, even if the gas shrinks due to mass transfer, the shrinking of the Roche lobe due to self-gravity overcomes the configuration change of the tori. The importance of self-gravity is concluded not only from the present investigation but also from previous studies. As shown in Table 5 which summarizes the results of investigations about the runaway instability thus far made, we can see that this instability arises only for analyses including self-gravity.
Therefore from our present investigation, together with other studies, we can conclude that if self-gravity of tori around black holes cannot be neglected, the critical tori are unstable against the finite amount of mass overflow. Of course, although the final answer to the runaway instability problem needs to be analysed in the framework of general relativity, it is very likely that self-gravitating tori around black holes will suffer from runaway instability.
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